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Abstract Let (E, ξ) = ind(En, ξn) be an inductive limit of a se-
quence (En, ξn)n∈N of locally convex spaces and let every step (En, ξn)
be endowed with a partial order by a pointed convex (solid) cone Sn.
In the framework of inductive limits of partially ordered locally con-
vex spaces, the notions of lastingly efficient points, lastingly weakly
efficient points and lastingly globally properly efficient points are in-
troduced. For several ordering cones, the notion of non-conflict is
introduced. Under the requirement that the sequence (Sn)n∈N of
ordering cones is non-conflicting, an existence theorem on lastingly
weakly efficient points is presented. From this, an existence theorem
on lastingly globally properly efficient points is deduced.
Keywords Locally convex space, inductive limit, vector optimiza-
tion, efficient point, weakly efficient point
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1 Introduction
Let (X, τ) be a real locally convex Hausdorff topological vector space (briefly,
denoted by a locally convex space) and X∗ be its topological dual. A set S ⊂ X is
said to be a cone if αs ∈ S for any s ∈ S and any α ≥ 0; and a convex cone if in
addition S+S ⊂ S. A cone S is said to be pointed if S∩(−S) = {0}. Furthermore,
∗This research was supported by the National Natural Science Foundation of China (10871141).
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intτS (briefly, denoted by intS if no confusions) denotes the topological interior of
S in (X, τ) and S+ denotes the dual cone of S, i.e.,
S+ = {f ∈ X∗ : f(s) ≥ 0, ∀s ∈ S}.
If intτS 6= ∅, we call S a solid cone in (X, τ). As is well-known (for example, see
[1, 2, 3]), a pointed convex cone S specifies a partial order in X as follows:
for x, y ∈ X, x ≤S y iff y − x ∈ S.
Obviously, the partial order ≤S determined by a pointed convex cone S satisfies
the following properties:
(i) x ≤S x;
(ii) if x ≤S y and y ≤S z, then x ≤S z;
(iii) if x ≤S y and y ≤S x, then x = y.
In this case, the pointed convex cone S is called an ordering cone. Let A ⊂ X be
nonempty and S ⊂ X be an ordering cone. We denote E(A, S) the set of efficient
points (i.e., Pareto minimal points) of A with respect to the ordering cone S; that
is,
a0 ∈ E(A, S) iff (A− a0) ∩ (−S) = {0}.
Moreover, if intS 6= ∅, i.e., S is a pointed convex solid cone, we denote w−E(A, S)
the set of weakly efficient points (i.e., weakly Pareto minimal points) of A with
respect to the ordering cone S; that is,
a0 ∈ w −E(A, S) iff (A− a0) ∩ (−int S) = ∅.
As observed by Kuhn and Tucker [4] and later by Geoffrion [5], some efficient points
exhibit certain abnormal properties. To eliminate such anomalous efficient points,
various concepts of proper efficiency have been introduced (for example, see [6, 7,
8]). Efficiency, weak efficiency and proper efficiency in locally convex spaces have
already been investigated; for example, see [1-8] and the references therein. In
this paper, we consider vector optimization in the framework of inductive limits
of partially ordered locally convex spaces. We shall introduce new concepts of
efficiency, weak efficiency and proper efficiency in the new framework and give
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some existence results. First we recall some concepts concerning inductive limits
(for example, see [9-11). Let (E1, ξ1) ⊂ (E2, ξ2) ⊂ · · · be an increasing sequence
of locally convex spaces with continuous inclusions (En, ξn) → (En+1, ξn+1) for
every n. Here, we require that each En is properly included in En+1. If the union
E = ∪∞n=1En is endowed with the finest locally convex topology ξ such that all
inclusions in : (En, ξn) → E are continuous, then (E, ξ) is called the locally
convex inductive limit of a sequence (En, ξn)n∈N of locally convex spaces; and it is
denoted by ind(En, ξn). Also, every (En, ξn) is called a step of the inductive limit
ind(En, ξn). In general, (E, ξ) needn’t be Hausdorff even though every (En, ξn) is
Hausdorff (see [10]). But in this paper we always assume that (E, ξ) is Hausdorff.
For each n ∈ N , let Sn be a pointed convex cone in (En, ξn), which specifies a partial
order ≤Sn in En. Thus, we have a sequence of partially ordered locally convex
spaces, i.e., (En, ξn,≤Sn)n∈N . Suppose that one is placed in the first step (E1, ξ1)
and A ⊂ E1 is a feasible set. Certainly, one is concerned about the set of efficient
points of A with respect to the ordering cone S1, i.e., E(A, S1). An interesting
problem is: Does there exist a point a0 ∈ A such that not only a0 ∈ E(A, S1) but
also a0 ∈ E(A, Sn) for all n ∈ N?
Moreover, assume that every intξnSn 6= ∅, where intξnSn denotes the topological
interior of Sn in (En, ξn). If a0 ∈ A such that (A− a0)∩ (−intξnSn) = ∅, we denote
a0 ∈ w − En(A, Sn). Here, intξnSn is related to the topology ξn of En, so we
denote the weakly efficient point set by w − En(A, Sn) rather than w − E(A, Sn).
Similarly, an interesting problem is: Does there exist a point a0 ∈ A such that not
only a0 ∈ w − E1(A, S1), but also a0 ∈ w −En(A, Sn) for all n ∈ N?
For convenience, we introduce the following notions.
Definition 1.1 Let (E, ξ) = ind(En, ξn) be an inductive limit of a sequence
(En, ξn)n∈N of locally convex spaces and Sn be an ordering cone in En for every n.
Suppose that A ⊂ E1 is nonempty and a0 ∈ A. Then a0 is said to be a lastingly
efficient point of A with respect to the sequence (Sn)n∈N of ordering cones if
a0 ∈
∞⋂
n=1
E(A, Sn).
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Moreover, suppose that intξnSn 6= ∅ for every n. Then a0 ∈ A is said to be
a lastingly weakly efficient point of A with respect to the sequence (Sn)n∈N of
ordering cones if
a0 ∈
∞⋂
n=1
w − En(A, Sn).
In terms of Definition 1.1, the above problems become: Does there exist a point
a0 ∈ A such that a0 is a lastingly efficient point (resp. lastingly weakly efficient
point) with respect to the sequence (Sn)n∈N of ordering cones?
In next section, we shall give an existence theorem on lastingly weakly efficient
points.
2 Non-conflicting ordering cones and existence of lastingly
weakly efficient points
In order to obtain a satisfying existence result of lastingly weakly efficient points,
the following “non-conflict” requirement on the sequence (Sn)n∈N of ordering cones
seems to be necessary by one’s experience.
Definition 2.1 Let (X, τ) be a locally convex space and S1, S2, · · · , Sn
be ordering cones in (X, τ). The ordering cones S1, S2, · · · , Sn are called non-
conflicting if
−Sj 6⊂ clτ (S1 + S2 + ·+ Sn), for j = 1, 2, · · · , n.
Here clτ (S1 + S2 + · · ·+ Sn) denotes the closure of S1 + S2 + · · ·+ Sn in (X, τ).
Definition 2.2 let (E, ξ) = ind(En, ξn) and Sn be a pointed convex cone in
(En, ξn) for every n ∈ N . The sequence (Sn)n∈N is said to be non-conflicting in
ind(En, ξn) if for each n ∈ N , S1, S2, · · · , Sn are non-conflicting in (En, ξn). That
is, for each n ∈ N ,
−Sj 6⊂ clξn(S1 + S2 + · · ·+ Sn) for j = 1, 2, · · · , n.
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Here clξn(S1 + S2 + · · ·+ Sn) denotes the closure of S1 + S2 + · · ·+ Sn in (En, ξn).
Lemma 2.1 Let (X, τ) be a locally convex space and S ⊂ X be a pointed
convex cone with int S 6= ∅. If A ⊂ X is weakly countably compact in (X, τ),
then:
(i) there exists f ∈ S+\{0} and a0 ∈ A such that
f(a0) = inf{f(a) : a ∈ A};
(ii) w − E(A, S) 6= ∅.
Proof Since S is a pointed convex cone, 0 6∈ intS. Hence there exists f ∈
X∗\{0} such that
f(intS) > 0. (1)
Here and in the following, for any nonempty subset B of X , f(B) > 0 means that
f(x) > 0, ∀x ∈ B. Similarly, f(B) ≥ 0 means that f(x) ≥ 0, ∀x ∈ B. Since A
is weakly countably compact in (X, τ), we know that A is bounded in (X, τ) and
−∞ < α = inf{f(a) : a ∈ A} < +∞.
Take a sequence (an) ⊂ A such that
f(an) → α, n→∞. (2)
Since A is weakly countably compact, (an) has a weakly cluster point a0 ∈ A. Thus
f(a0) is a cluster point of (f(an)) in the real line R. Hence there exists a sequence
n1 < n2 < · · · of natural numbers such that
f(ani) → f(a0), i→∞. (3)
By (2) and (3), we have f(a0) = α. Thus (i) is shown. As f(a0) = inf{f(a) : a ∈
A}, we have
f(A− a0) ≥ 0. (4)
By (1) and (4), we have
(A− a0) ∩ (−intS) = ∅.
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Therefore a0 ∈ w − E(A, S) and (ii) has been proven.
Lemma 2.2 Let (X, τ) be a locally convex space, S ⊂ X be a pointed convex
cone with intS 6= ∅ and A ⊂ X be nonempty. If w−E(A, S) 6= ∅, then w−E(A, S)
is a closed subset of A.
Proof Assume that a net (xδ)δ∈∆ in w − E(A, S) is convergent to x0 ∈ A.
Clearly, for each δ ∈ ∆,
(A− xδ) ∩ (−intS) = ∅. (5)
We are going to prove that
(A− x0) ∩ (−intS) = ∅. (6)
If not, there exists a ∈ A such that
a− x0 ∈ −int S.
Since a− xδ → a− x0 and −intS is an open neighborhood of a− x0, there exists
δ0 ∈ ∆ such that
a− xδ ∈ −intS for all δ ≥ δ0.
This contradicts (5). Thus we have shown (6) and x0 ∈ w − E(A, S). This means
that w − E(A, S) is a closed subset of A.
Now we present our main result as follows.
Theorem 2.1 Let (E, ξ) = ind(En, ξn) be an inductive limit of a sequence
(En, ξn)n∈N of locally convex spaces. For each n ∈ N , let Sn be a pointed convex
cone in (En, ξn) with intξnSn 6= ∅. Moreover, assume that the sequence (Sn)n∈N is
non-conflicting. If A ⊂ E1 is countably compact in (E1, ξ1), then the set of lastingly
weakly efficient points of A with respect to the sequence (Sn)n∈N is nonempty, i.e.,
∞⋂
n=1
w − E(A, Sn) 6= ∅.
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Proof By the assumption, (Sn)n∈N is non-conflicting. Hence for every n ∈ N ,
we have
−Sj 6⊂ clξn(S1 + S2 + · · ·+ Sn), for j = 1, 2, · · · , n.
Thus, for each j ∈ {1, 2, · · · , n}, there exists yj ∈ Sj such that −yj 6∈ clξn(S1+S2+
· · ·+Sn). By the Hahn-Banach separation theorem, there exists fj ∈ (En, ξn)
∗\{0}
and ηj > 0 such that
fj(−yj) ≤ −ηj < 0 ≤ fj(S1 + S2 + · · ·Sn). (7)
Obviously,
fj(Si) ≥ 0, for i = 1, 2, · · · , n; j = 1, 2, · · · , n.
Put f :=
∑n
j=1 fj . Then f ∈ (En, ξn)
∗\{0} and f(Si) ≥ 0, for i = 1, 2, · · · , n.
Next we show that
f(intξiSi) > 0, for i = 1, 2, · · · , n. (8)
If not, there exists i with 1 ≤ i ≤ n and there exists y′ ∈ intξiSi such that f(y
′) =
∑n
j=1 fj(y
′) = 0. Since every fj(y
′) ≥ 0, we have fj(y
′) = 0, for j = 1, 2, · · · , n.
Particularly, fi(y
′) = 0. Since y′ ∈ intξiSi, there exists an absolutely convex 0-
neighborhood Ui in (Ei, ξi) such that y
′+Ui ⊂ Si. Remark that fi(Si) ≥ 0, so we
have fi(Ui) = fi(y
′ + Ui) ≥ 0. Since Ui is an absolutely convex set, we also have
that fi(Ui) ≤ 0. Thus,
fi(Ui) = {0} and hence fi(Ei) = {0}. (9)
On the other hand, from (7) we have
fi(yi) ≥ ηi > 0 and yi ∈ Si ⊂ Ei,
which contradicts (9). Thus we have shown that (8) is true. Since A is countably
compact in (E1, ξ1) and the inclusion (E1, ξ1) → (En, ξn) is continuous, we know
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that A is also countably compact in (En, ξn) and hence weakly countably compact
in (En, ξn). Thus, by Lemma 2.1 there exists a point a0 ∈ A such that
f(a0) = inf{f(a) : a ∈ A}, i.e., f(A− a0) ≥ 0. (10)
Combining (8) and (10), we have
(A− a0) ∩ (−intξiSi) = ∅, i = 1, 2, · · · , n.
That is,
a0 ∈
n⋂
i=1
w − Ei(A, Si).
By Lemma 2.2, w − Ei(A, Si) is a ξi-closed subset of A and it is also a ξ1-closed
subset of A since the topology ξ1 is finer than one induced by ξi. Thus, for every
n ∈ N ,
n⋂
i=1
w −Ei(A, Si)
is a nonempty ξ1-closed subset of A. Since A is countably compact in (E1, ξ1), we
conclude that
∞⋂
i=1
w −Ei(A, Si) 6= ∅.
Thus the proof is completed.
3 Existence of lastingly globally properly efficient points
As we know, there are various concepts of proper efficiency in vector opti-
mization, for example, see [6, 7, 8]. In the framework of inductive limits, we may
consider various concepts of lastingly proper efficiency. In this section, we intro-
duce the notion of lastingly globally properly efficient points (in fact, i.e., lastingly
generalized Henig properly efficient points) and investigate the existence of this
kind of properly efficient points. First we recall some related concepts.
Definition 3.1(see [7]) Let X be a locally convex space, A ⊂ X be a nonempty
set and S ⊂ X be an ordering cone. A point a ∈ A is said to be a globally properly
efficient point of A, denoted by a ∈ GHe(A, S), iff there exists a convex cone W
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such that S\{0} ⊂ intW and a ∈ E(A,W ). Here, W is said to be a dilating cone
of S.
Definition 3.2(see [7]) Let X , A and S be the same as in Definition 3.1.
Moreover, let S have a base Θ (i.e., Θ ⊂ S is a convex set such that S = cone(Θ)
and 0 6∈ cl(Θ)). Clearly, there exists a convex 0-neighborhood U such that 0 6∈
Θ + U . A point a ∈ A is said to be a Henig properly efficient point of A with
respect to Θ, denoted by a ∈ HE(A,Θ), iff there exists a convex 0-neighborhood
V ⊂ U such that
clcone(A− a) ∩ −cone(Θ + V ) = {0}.
Let B(S) denote the family of all bases of S. A point a ∈ A is said to be a Henig
properly efficient point (respectively, a generalized Henig properly efficient point)
with respect to S, denoted by a ∈ HE(A, S) (respectively, a ∈ GHE(A, S)), if
a ∈
⋂
Θ∈B(S)HE(a,Θ) (respectively, a ∈
⋃
Θ∈B(S)HE(A,Θ)).
Liu and Song (see [8, Theorem 3.4]) showed that GHE(A, S) ⊂ GHe(A, S).
Moreover, the author and Hao (see [12, Theorem 4.2]) proved the following.
Lemma 3.1 GHE(A, S) = GHe(A, S).
In the framework of inductive limits of partially ordered locally convex spaces,
we give the definition of lastingly globally properly efficient points (i.e., lastingly
generalized Henig properly efficient points) as follows.
Definition 3.3 Let (E, ξ) = ind(En, ξn) be an inductive limit and Sn be an
ordering cone in En for every n ∈ N . Suppose that A ⊂ E1 is nonempty and
a0 ∈ A. Then a0 is said to be a globally properly efficient point in the partially
ordered locally convex space (En, ξn, Sn), denoted by a0 ∈ GHen(A, Sn), iff there
exists a convex cone Wn in En such that Sn\{0} ⊂ intξnWn and a0 ∈ E(A,Wn).
Moreover, a0 is said to be a lastingly globally properly efficient point of A with
respect to the sequence (Sn)n∈N of ordering cones iff a0 ∈
⋂
∞
n=1GHen(A, Sn).
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Definition 3.4 Let (E, ξ) = ind(En, ξn), Sn, A and a0 be the same as in Defi-
nition 3.3. Then a0 is said to be a generalized Henig properly efficient point in the
partially ordered locally convex space (En, ξn, Sn), denoted by a0 ∈ GHEn(A, Sn),
iff there exists a base Θn of Sn and a convex 0-neighborhood Vn in (En, ξn) such
that
clcone(A− a0) ∩ −cone(Θn + Vn) = {0}.
Moreover, a0 is said to be a lastingly generalized Henig properly efficient point of A
with respect to the sequence (Sn)n∈N of ordering cones iff a0 ∈
⋂
∞
n=1GHEn(A, Sn).
By Lemma 3.1, we see that the set of lastingly globally properly efficient points
and the set of lastingly generalized Henig properly efficient points are the same.
From Theorem 2.1, we deduce an existence theorem on lastingly globally properly
efficient points (i.e., lastingly generalized Henig properly efficient points) as follows.
Theorem 3.1 Let (E, ξ) = ind(En, ξn) be an inductive limit of a sequence
(En, ξn)n∈N of locally convex spaces. For each n ∈ N , let Sn be a pointed con-
vex cone and Wn be a dilating cone of Sn in (En, ξn). Moreover, assume that the
sequence (Wn)n∈N is non-conflicting. If A ⊂ E1 is countably compact in (E1, ξ1),
then the set of lastingly globally properly efficient points of A with respect to the
sequence (Sn)n∈N is nonempty, i.e.,
⋂
∞
n=1GHen(A, Sn) 6= ∅. Equivalently, we have
⋂
∞
n=1GHEn(A, Sn) 6= ∅.
Proof Without loss of generality, we may assume that every Wn is a pointed
cone. Or else, we may take W ′n, where W
′
n = intξnWn ∪ {0}. It is easy to
show that (W ′n)n∈N is non-conflicting provided that (Wn)n∈N is non-conflicting.
Thus, applying Theorem 2.1, we conclude that
⋂
∞
n=1w − En(A,Wn) 6= ∅. Let
a0 ∈
⋂
∞
n=1w − En(A,Wn). Then a0 ∈
⋂
∞
n=1GHen(A, Sn). Equivalently, a0 ∈
⋂
∞
n=1GHEn(A, Sn). Hence
∞⋂
n=1
GHen(A, Sn) =
∞⋂
n=1
GHEn(A, Sn) 6= ∅.
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